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Abstract.
NonequilibriumMolecularDynamicsrequiresanextensionof NewtonianandHamiltonianme-

chanics.This new extendedmechanicsincludesGauss'andNosé's thermostattedequationsof mo-
tion. HereI review thepast20years'historyof thevariousformulations,solutions,interpretations,
andfurtherextensionsof these“new" motionequations.I emphasizethefractalnatureof theresult-
ing phase-spacedistributions.I describetheconnectionsof thesefractaldistributionsto irreversibil-
ity, to time-symmetrybreaking(from reversiblemotionequations),andto entropy productionand
theSecondLaw, far from equilibrium.

1. INTR ODUCTION

Moleculardynamics,thenumericalsolutionof atomistic-scaleequationsof motion,was
developedby Enrico Fermi (at the Los AlamosLaboratory),George Vineyard (at the
Brookhaven Laboratory),and Berni Alder (at the LivermoreLaboratory),about�fty
yearsago.This usualmoleculardynamics,a numericalsolutionof Newton'sequations,
f mq̈= Fg, providesasolidfoundationfor Gibbs'andBoltzmann'sstatisticalmechanics.
Moleculardynamicshasprovideddirectnumericalveri�cationsof thedetailedstatistical
theoriesof bulk behavior which Gibbs and Boltzmannbasedon smoothequilibrium
phase-spacedistributions. Newton's equationsof motion and Gibbs' microcanonical
(constant-energy) phase-spacedistributionswerefoundto becompletelycompatiblein
theearliestdaysof constant-energy moleculardynamics.Moleculardynamicsbecamea
reliablemethodfor thedeterminationof equationsof state.Gas,�uid, andsolid phases
wereall explored,aswerealsothephasetransitionslinking them.

Thatexploratorywork onthemicroscopicbasisfor equilibriumthermodynamicprop-
ertieswas�nished off by thedevelopmentof equilibriumperturbationtheory. This was
verymuchajoint effort, with aboutadozendifferentinvestigatorscollaboratingonsev-



eral numericalformulationsof a perturbationtheory for Helmholtz' free energy. The
perturbationtheorieswere basedon combining Gibbs' and Boltzmann's ideaswith
resultstaken from computersimulation.This body of perturbationtheoriesmadeit
possibleto computeequilibrium equationsof statefor a wide variety of relatively-
generalsystemsin termsof theentropicandstructuralpropertiesof a“referencesystem”
of hardspheres.Thehard-spherepropertieswereavailablefrom theresultsof computer
simulation,bothMonteCarloandmoleculardynamics.

By 1972it washigh time to concentrateon nonequilibriumproperties.Fortunately
for meI founda graduatestudent,bothwilling andableto take on this challenge.Bill
Ashursthadjust joinedSandia's LivermoreLaboratory, acrossthestreetfrom the“Rad
Lab" whereI worked, and was eagerto take on the challengingdoctoralprogramat
“Teller Tech", the graduateDepartmentof Applied Science.This Department,though
a part of the University of California's Davis Campus,was an oasisof unclassi�ed
researchexcitement,locatedwithin theLivermoreLaboratory's boundaries.Thoughby
now thefoundersof theDepartmentareall eitherdeador retired,avestigeof it remains
in Livermoretoday.

Bill Ashurstand I setout to develop nonequilibriummoleculardynamics.Our un-
derlyinggoalat thestartwasto understandthelargediscrepanciesbetweentheGreen-
Kubo transportcoef�cients found by Levesque,Verlet, andKürkijarvi and the corre-
spondingtransportcoef�cients for thatsimplestof thereal �uids, argon.We measured
the transportcoef�cients by settingup computersimulationsof both viscousandheat
�o ws. In order to do this, we developedboth local thermostatsat systemboundaries
andglobalhomogeneousthermostats, which operatedthroughoutsystemsdescribedby
periodicboundaries.In eitherof thesecasesthecomputational“thermostats”extracted
theirreversibly-generatedheatassociatedwith nonequilibrium�o ws of momentumand
energy.

Thesethermostattedsystemsgeneratedsteadynonequilibrium�o ws.Thethermostats
couldconstraineitherthekinetic energy or theinternalenergy of a setof thermostatted
particlesto a �x edvalue.Thekinetic-energy thermostatsrely on BoltzmannandGibbs'
identi�cation of thekineticenergy perparticlewith themeanthermalenergy,

hmv2=2i � 3kT=2 :

In eitherthe isokineticor the isoenergeticcasewe used“velocity rescaling"to impose
the constraint.In England,Les Woodcockhadusedexactly this samekind of temper-
aturecontrol. In the isokinetic caseAshurstmultiplied every thermostattedparticle's
velocity by a factorchosento returnthecurrentkinetic energy of thethermostattedset
to its initial value.Theresultingmodi�cation of Newtonianmechanicswas“isokinetic"
moleculardynamics.Herethethermostattedset's kinetic temperaturewasa constantof
themotion.

A coupleof yearslaterwe foundthatthis velocity rescalingwasformally equivalent
to applyinga frictional force � z p proportionalto eachparticle's momentum.I spent
considerabletime in thelibrariesatLivermore,looking for a link betweenour “ad hoc”
thermostattingrecipeandclassicalmechanics.I foundadescriptionof Gauss'Principle
(of LeastConstraint),in oneof Sommerfeld'sbooks.ThePrinciplestatesthatanycons-



traint, including “nonholonomicconstraints”involving momenta,shouldbe imposed
with the least possibleconstraintforces. Gauss'Principle turned out to be exactly
equivalentto our isokineticthermostattingidea.

Gauss'thermostatturnedout to be speciallyuseful far from equilibrium, whereit
could provide stress-strainraterelationsunderextremeshockwave conditions.In the
isokinetic case,the equationsof motion which result from Gauss'Principle include
constraintforcesf FCg linearin themomenta:

f dp=dt = F(q) + FC(q; p) ; FC = � z pg ;

zGauss= å F � p=å p2 :

At aboutthis sametime (1982)ShuichiNosédiscovereda moregeneralmeansof
thermostatting,basedon integral feedbackcontrol (as opposedto Gauss'differential
feedbackcontrol). Noséwasborn 17 June1951 in the small town of Mineyamaand
attendedhigh school there. His thesiswork (D. Sc. in Chemistry, 1981) at Kyoto
University involvedMonteCarlosimulation.After threeyearsof postdoctoralwork in
Ottawa, during which he developedhis revolutionary thermostattingideas,he moved
backto Japanto teachat Keio University in Yokohama.He marriedIbuki Kushidain
April 1985,andhissonAtsushi(“temperature”)wasbornin January1986.

It was in summer1984 that I met Shuichi by accident,on a Paris train platform,
several daysin advanceof a meetingwe both plannedto attend.My hotel, the Hôtel
California at 32, rue desEcoles,wassomedistancefrom Nosé's thoroughly-Japanese
hotel. We arrangedto meet outsidethe Notre Dame cathedralfor several hours of
intensetechnicalconversations.I learnedenoughfrom theseto write a paperduringthe
next few weeks,while visiting PhilippeChoquardin Lausanne[1].My studyof Nosé's
methods[2] (appliedto a singleharmonicoscillator)madeit clearthat the coordinate-
space(q; �q;z ) versionof Nosé's dynamics(now called“Nosé-Hoover dynamics)was
useful,while his alternative (q; p;s; ps) “time-scaled”phase-spaceversionwasnot. At
Nosé's invitation, I wasin Japanfor sabbaticalleave1989-1990,whenIBM recognized
hiswork with anelaboratedinnerandaceremony awardinghim its JapanSciencePrize
in 1989.

Nosé's thermostatforcesdependonthesystem'spasthistoryratherthanon its instan-
taneousstate.With # degreesof freedomtheNosé-Hoovermotionequationsarethese:

f �p = mq̈ = F(q) + FC ; FC = � z p = � mz �qg ;

�z = (1=#) å [( p2=mkT) � 1]=t 2 = (1=#) å [(m�q2=kT) � 1]=t 2 :

Thecoordinate-spaceform of thisdynamicsfollowsdirectly from Nosé'sadhocHamil-
tonian:

H Nośe = (K=s) + s[F + (p2
s=2M) + #kT lns] � 0 :

whereM = #kTt 2. K is theusualkinetic energy, expressedin termsof thef pg andps
is the actionvariable(which turnsout to be proportionalto the friction coef�cient z )
conjugateto s. Evidentlythefriction coef�cient z dependson thepast:



zNH(t) = zNH(0) + (1=#)
Z t

0
å [( p2=mkT) � 1]=t 2dt0:

Despite the apparentdependenceon the past, the motion equationsare themselves
preciselytime-reversible.Any time-orderedsetof coordinatessatisfyingthemprovides
an alternative solution when the time orderingof the coordinatesis reversed.In the
reversedsolution of the equationsthe momentaf pg, velocitiesf �qg, and the friction
coef�cient(s) z all changesigns.

In theequilibriumcaseNosé's thermostatvariablez hasaGaussiandistributionwith
zeromeanvalue,

f (z ) µ exp(� #z 2t 2=2) :

His thermostatswere capableof reproducingGibbs' entire canonicaldistribution,
f (q; p) µ exp(� H =kT), not just the isokinetic one.Analogousequationsof motion
providedeitherinstantaneousor time-averagedcontrolof themomentum�ux (or “stress
tensor")andheat�ux. By 1985the variousgeneralizationsof mechanicsneededfor a
detailedunderstandingof Gibbs' statisticalmechanicswere just aboutcomplete.The
only piecestill missingis a variationalprinciple like Gauss'on which to baseNosé's
approachto canonicaldynamics.

The pedagogicalbene�ts of Nosé's thermostatsshouldbe a part of any physicist's
education.This review summarizesthe main consequencesof his work from my per-
spectiveasanactively-involvedobserver. Theconsequencesfor simulation,for statisti-
cal mechanics,for thermodynamics,andfor nonlineardynamicsmake up Secs.2, 3, 4
and5. Sec.6 is devotedto anexampleproblem,a nonequilibriumoscillatorexposedto
a temperaturegradientinducedby anextensionof Nosé's thermostatideas.

I have resistedincluding all of the dozensof literaturereferencesgermaneto this
review, expectingthattheinterestedreadercan�nd themonhisown throughaninternet
search.Many of theolderreferencescanbefoundin my books[3, 4]. It givesmepleasure
to dedicatethismanuscriptto ShuichiNosé.

2. CONSEQUENCESFOR SIMULA TION

Nosé'smainresearchgoalwasto makeequilibriumsimulationsmorerelevantto exper-
imentalstudies.He wantedto usetemperatureandpressureas independentvariables,
ratherthanenergy andvolume,facilitatingcomparisonswith experimentalequilibrium
data.I wasmuchmoreinterestedin nonequilibrium phenomena,becauseperturbation
theoryhadmadethe“problem” of determiningsimple-�uid propertiesinto a relatively
pedestriannonproblem.Providedthatthecompositionof thesystemis �x ed,Nosé'sme-
chanicscanbeappliedto any reasonableisothermalor isobaricensemble.It wasnatural
to applythesesameideasto nonequilibriumsystems,systemsdrivenfrom equilibrium,
andeven“f ar” from equilibrium,by velocitygradients,temperaturegradients,or by the
performanceof mechanicalwork.

BecauseGreenandKubo had formulatedtransportprocessesin termsof Gibbsian
�uctuations,any crediblenonequilibriumalgorithmhadto reduceto theproperequilib-



FIGURE 1. Plastic �o w using thermostattednonequilibriummoleculardynamics.The indentor is
pressedinto thethermostattedworkpieceat aspeedsomewhatlessthanthesoundspeed.

riumonesoasto reproducetheGreen-Kuboresults.AshurstandI andLeesandEdwards
independentlyusedhomogeneousperiodicshearto measureviscosity. EvansandGillan
independentlyinventedanenergy �eld to generatethermal�o wsconsistentwith Green-
Kubothermalconductivity.

The thermostatswerealsoappliedto a hostof interestingproblemsin materialssci-
ence.Shockwavesarethesimplestof thesebecausetheboundaryconditionsarepurely
equilibriumones.But fracture,viscous�o ws, heat�o ws,andplasticdeformationwere
alsobeingstudied.Nosé's feedbackcontrolswere ideally suitedto thesenonequilib-
rium problemstoo, and have sincethen undergoneextensive development,resulting
in a detailedfoundationfor understandingnonequilibriumsystems.By 1990a hostof
simulations,somewith asmany asa million particles,hadveri�ed many of thesimple
engineeringrulesof thumb. Fig.1 showsatwo-dimensionalindentationsimulationfrom
thosedays.Thenew mechanics,besidesopeningup thesenew �elds of simulation,had
profoundconceptualconsequencesfor statisticalmechanics.

3. CONSEQUENCESFOR STATISTICAL MECHANICS

Gibbs'statisticalmechanicsis basedonfollowing themany-body�o w in “phasespace”,
themany-dimensional(q; p) spacein whichasinglepointcorrespondsto all thecoordi-
natesq andmomentap of thedegreesof freedomcomposingthesystem.For a Hamil-



toniansystemthe�o w equationsare:

H (q; p) � ! f �q = + ¶H =¶ p = p=m ; �p = � ¶H =¶q = Fg :

They have the consequence(Liouville' s Theorem)that the �o w of probability density
f throughthespaceoccursat constantdensity. Theonly possiblestationarysolutionof
this �o w law is that thedensityhasa commonvaluethroughouttheaccessiblepartof
thephasespace:

�f = 0 � ! feq = constant:

Liouville' s Theoremalsoimplies that the (hyper)volumeof a comoving phasevolume
element
 , doesnotchangewith time:

dln
 =dt � 0 :

This constant“microcanonical"distribution implies thatany systemcoupledmechani-
cally to anideal-gasthermometerobeys the“canonical"distribution,µ exp(� H =kT),
whereT is thekinetic-theorytemperatureof theidealgas.

Now consider�o ws in phasespacegovernedby Nosé-Hoover thermostats.To char-
acterizethemit is speciallyconvenientto rewrite thesecond-ordermotionequationin
theirequivalent“Nosé-Hoover” form:

f m�q = p ; �p = F � z pg ; �z = (1=#) å [
p2

mkT
� 1]=t 2 :

Thesemotion equationsarefully consistentwith Gibbs' distribution. To seethis, it is
only necessaryto apply Liouville' s Theorem,appropriatelygeneralizedto a (2#+ 1)-
dimensionalspacewhich includesthefriction coef�cient z :

¶ f =¶t = � å ¶( f �q)=¶q� å ¶( f �p)=¶ p� ¶( f �z )=¶z :

Substitutingtheequationsof motion,alongwith thetrial solution,

f µ exp[� å
p2

2mkT
]exp[�

F
kT

]exp[�
#z 2t 2

2
] ;

wecanevaluateall thepartialderivativesneededto applyLiouville' sTheorem:

¶ f =¶t � 0 ;

� å ¶( f �q)=¶q = å (� F � p=mkT) f ;

� å ¶( f �p)=¶ p = å [(F � z p) � (p=mkT) f + z f ] ;

� ¶( f �z )=¶z = + z å f [
p2

mkT
� 1]=t 2 :

Evidentlythetrial solutionsatis�esthetheoremidentically. This is adirectproof that



the Nosé-Hoover equationsof motion are consistentwith the canonicaldistribution,
extendedto includea Gaussiandistribution in thefriction coef�cient. It establishesalso
thattheprobabilitydensity f andthein�nitesimal phasevolume
 bothvary following
the�o w:

dln f =dt = � d ln 
 =dt =

¶ ln f =¶t + å [ �q� ¶ ln f =¶q+ �p� ¶ ln f =¶ p] + �z¶ ln f =¶z =

� å [¶ �q=¶q+ ¶ �p=¶ p] � ¶ �z=¶z =

� å [0� z ] � 0 = å z 6= 0 :

For statisticalmechanicsthe introductionof motion equationsleadingto changesof
phasevolume
 , with thosechangesdirectly linkedto heattransfer� z å p2=m, andto
entropy production,wasfundamental,openingup connectionsto thermodynamicsand
nonlineardynamicswhichweretotally new.

4. CONSEQUENCES FOR THERMOD YNAMICS

Fromthepedagogicalstandpointit is extremelyinterestingto seeirreversiblebehavior
arisingfrom time-reversibleequationsof motion[5]. Theone-way behavior thatresults
from the either-way Nosé-Hoover motion equationsis the microscopicanalogof the
macroscopicSecondLaw of Thermodynamics.It is signi�cant that the microscopic
version,basedon limiting the growth of phasevolume, involves time averages.One
canonly argue againstan increasein phasevolume if that increasewere to apply in
perpetuity, that is, in eithera “steadystate”or a cyclic process.In eithercaseNosé-
Hoover mechanicsprovidesa de�nite sign for the (time-averaged)friction coef�cient
sum:

hå z i = hdln f =dti = �h dln 
 =dti > 0 :

Theoppositesign,correspondingto aninexorablyincreasingultimatelydivergingphase
volumeis ruledout, for stable�o ws.

Thefriction coef�cient sumis preciselyequalto therateatwhichentropy is generated
in theexternalreservoirs with which thethermostattedsysteminteracts:

hd(Sext=k)=dti = �h (dQint=dt)=kTexti = hå z p2=mkTexti = hå z i ;

wherethelastequalityfollowsfrom themotionequations:

�z = å [( p2=mkT) � 1]=t 2 � ! hå z �z i = 0 � !

hå z [(p2=mkT) � 1]i = 0 � ! hå z(p2=mkT)i = hå z i :

Nosé-Hoovermechanicsleadsdirectlyto theconclusionthattheexternalentropy change
associatedwith a stationaryor cyclic processis positive.Thecorrespondingthermody-
namicrelation,



FIGURE 2. A Newtonian region in thermalcontactwith two Nosé-Hoover reservoirs. For a stable
stationarystateto exist it is necessarythat the positive friction coef�cient sum (at the cold reservoir)
exceedthenegativefriction coef�cient sum(at thehot reservoir). This guaranteesa net�o w of heatfrom
hot to cold, in accordwith (oneof) Clausius'formsof theSecondLaw of Thermodynamicsdiscussedin
Sec.4.

�h (dQint=dt)=kTexti = h(dSext=dt)=ki > 0 ;

is oneof Clausius'formsof theSecondLaw.
Thermodynamicsdoesnotdiscussthelengthof timerequiredto makemeasurements.

Onceentropy hasbeende�ned [as the reversibleintegral of heattransferdivided by
temperaturedS� dQrev=T] theSecondLaw of Thermodynamicscanbestatedin many
alternativeways[6].Thesimplestof these,alsoattributedto Clausius,is thestatement
thatheatcannot�o w from acoldbodyto ahotone.Thisparticularstatementrequiresa
bit of carefarfrom equilibrium:in certainshockwavesthe�o w of heatis indeedopposite
in directionto thatpredictedby Fourier's law[7]. But in thesimplecaseof Fig. 2, where
a Newtoniansysteminteractswith two Nosé-Hoover reservoirs at TC andTH > TC, it
is easyto prove thatthetime-averagedfriction coef�cient sumsareconsistentwith this
form of theSecondLaw also:

hå zCi > 0 ; hå zH i < 0 :

Theproof is asfollows: (i) evidently energy balancerequiresthat theabsolutevalueof
thecold sumexceedsthatof thehotsum:

hå zCTCi + hå zHTH i = 0 ! jhå zCij > jhå zH ij :

(ii) If, asis requiredfor stabilityof thephasevolume,theoverallsum,å zC + å zH , is to
bepositive,thecoldsummustbethepositiveone,correspondingto heatextractedat the
cold reservoir andheatinsertedat thehot end.Again,Nosé-Hoover mechanicsimplies
thevalidity of a time-averagedSecondLaw of Thermodynamics.



FIGURE 3. Lyapunov spectra,bothat (full curve)andaway from (dots)equilibrium,for a dense-�uid
systemof 32Lennard-Jonesparticlesexposedto anexternal�eld. This constant�eld accelerateshalf the
particlesto theleft andtheotherhalf to theright. Thesymmetrybreakingassociatedwith theshift of the
spectrumto morenegative valuessignalsthecollapseof the ergodicphase-spacedistribution to a zero-
volumestrangeattractor. Thedimensionalitylossis about16.Thereare96 pairsof Lyapunov exponents
in the192-dimensionalphasespace.

5. CONSEQUENCESFOR NONLINEAR DYNAMICS

Nonlineardynamicsstudiesgeneral“�o ws”, thesolutionsof setsof ordinarydifferential
equationsin generalspaces.Time-reversible�o ws, suchasthosefollowing the Nosé-
Hoover equations,are much lessstudiedthan irreversible “dissipative” �o ws which
generate“strangeattractors”.In nonlineardynamicsthe Lyapunov instability of �o w
equationsis characterizedby the spectrumof Lyapunov exponents,the time-averaged
ratesof growth (or decay)associatedwith an in�nitesimal hyperspherethat moves
with the �o w. Evidently thenumberof Lyapunov exponentsis equalto thenumberof
dimensionsin which the�o w occurs.

Hamiltoniansystemshave a specialeither-way symmetry, with any phase-spacedi-
rectioncorrespondingto expansionconvertedinto a compressionin the time-reversed
versionof thesame�o w. Thesymmetryof theLyapunov spectrumcanbeseenin Fig.
3. Theeffect of dissipation,eventime-reversibledissipation,givesaqualitativechange.
Becausethe�o w volumecanonly decrease(to a strangeattractor)theLyapunov spec-
trummusthaveanegativesum:

å l i � hd ln
 =dti = h� d ln f =dti < 0 :



The specimencalculationin the �gure[8] illustratesthis shift for a simplesystemex-
posedto an accelerating�eld. We have seenthat the consequenceof this decreasing
phasevolumeis themicroscopicversionof theSecondLaw of Thermodynamics.

Thereis a vastliteratureon chaos,nonlineardynamics,andfractals,muchof which
can be applieddirectly to nonequilibriummoleculardynamics.This work hasbeen
carriedout for thepasttwentyyearsby hundredsof interestedresearchers.An example
problem,quitewell suitedto studentexploration,is describedin thefollowing section.

6. DOUBLY-THERMOSTATTED ERGODIC NONEQUILIBRIUM
OSCILLA TOR

Herewe considera simplemodelsystemto illustratetheideasdiscussedin thetext[9].
Becausethe simple Nosé-Hoover oscillator is not ergodic, we generalizeNosé's ap-
proachto control the fourth momentof theoscillator's momentum,aswell asthesec-
ond.Theadditionalcontrolvariableis x . Choosingall of thevariousproblemparameters
equalto unity andusinga thermostatrelaxationtime t equalto thecorrespondingun-
perturbedoscillatorperiod,t = 2p, the setof four ordinarydifferentialequationswe
solve is asfollows:

�q = p ; �p = � q� z p� x (p3=T) ;

�z = [(p2=T) � 1]=t 2 ; �x = [(p4=T2) � 3(p2=T)]=t 2 ;

T = 1+ tanh(q) :

As shown in Fig. 4, the temperaturevaries from 0, as q approaches� ¥ to 2, as q
approaches+ ¥ . Had we insteaduseda constanttemperatureof unity throughoutthe
equilibriumGaussiandistributionwould result:

f µ exp(� q2=2) exp(� p2=2) exp(� t 2z 2=2) exp(� t 2x 2=2) :

In thenonequilibriumcasetheprojectionsof themotioninto the(q; p) and(z ;x ) planes
areshown asFig. 5. Their appearancessuggestfractalcharacter, with asingulardepen-
denceof probability densityon location.Thesefractalsare typical of nonequilibrium
states,re�ecting therarity of thesestatesin theequilibriumphasespace.

TheLyapunov exponentsfor thefour-dimensional�o w are:

f l g = (+ 0:059;0:000; � 0:018; � 0:256) :

Theseprovide the time-averagedrate of phase-volume changealong with the corre-
spondingrateof probabilitydensitydivergence:

hdln
 =dti � �h dln f =dti = + hå l i = � 0:215:

As anindependentcheck,

hdln f =dti = hz + (3p2x=T)i = 0:215:



FIGURE 4. The hyperbolictangenttemperaturepro�le for the thermostattedoscillator of Sec.6 is
shown here.

Thetotal heattransferin this stationaryprocess,mustvanish,on average:

hdQ=dti = h� z p2 � (x p4=T)i = 0:0 ;

while theassociatedentropy change,obtainedbydividingby thethermostattemperature,
matchesthedissipation,asexpected:

h(1=T)dQ=dti = h� z p2=T � x p4=T2i =

h� z � (3p2x=T)i =

h� d ln f =dti = � 0:215:

Fig. 4 shows the temperaturepro�le. The densitiesof the heat transferand entropy
change,as well as their integrals with respectto the coordinateq are shown in Fig.
6. All thesethermodynamicdatawereobtainedasaveragesovera run of 109 timesteps
of 0.001eachwhile theLyapunov spectrumwasobtainedusing108 suchtimesteps.



FIGURE 5. Projectionsof the motion of the thermostattedoscillator into the (q; p) and (z ;x ) sub-
spaces.Thethermostatvariablesaresmallerthantheoscillatorvariablesby roughlya factorof theoscil-
lator relaxationtime, t = 2p. TheKaplan-Yorke dimensionof thestrangeattractoris 3.16,signi�cantly
lessthanthatof thefour-dimensionalphasespacein which themotiontakesplace.

FIGURE 6. The four curvesshow the densitiesandtheir integrals(
R

) for both the heattransfer(Q)
andtheentropy production(S). Thetotal time-averagedheattransfer, hdQ=dti � 0 andthetotal entropy
productionhdSint=dti = h(dQ=dt)=Ti = � 0:215arethelarge-q limits of thetwo integratedcurves.

7. OUTLOOK

Friction coef�cients ableto control temperaturehave providedsimulatorswith a useful
tool in studyingsystemsfar from equilibrium.Thediscovery thattheresultof this time-



reversibledissipationis the formationof dissipative fractal strangeattractorsin phase
space,with dimensionalityreducedbelow theequilibriumdimensionality, wassurpris-
ing. As a consequence,it becameclearthata consistentnonequilibriumentropy based
on Gibbs' (or Shannon's) S=k µ ln f would not bepossible.This seemsnot to besuch
a seriousloss,astheutility of a nonequilibriumentropy is not at all clear. On theother
hand,a focuson thestructureof nonequilibriumattractors,their homogeneityandfrac-
tal dimensions,suggeststhat further understandingof highly nonequilibriumsystems
is desirable.The isotropy andhomogeneityof theseattractorsremainsto be explored,
as doesalso their connectionto Green-Kubo linear responsetheory. Simple models,
suchasthefour-dimensionaloscillatorproblemmentionedhere,canproveveryhelpful
in evaluatingandinterprettingtheoreticaladvancessuchastheFluctuationHypotheses
andFinite-RateThermodynamicprocedurescurrentlyunderintenseinvestigation.

8. AFTERWORD

I thankFranciscoUribe, LeopoldoGarcía-Colín,andEnríqueDiaz for all their work
in organizingandexecutingtheSegundaReuniónMexicanasobreFísicaMatemáticay
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my emphasishereon theSecondLaw of Thermodynamics.Thescienceandambiance
of theSegundaReuniónMexicanawouldbehardto matchanywhere.Hereis to thegoal
of achieving moresuchsuccesses!
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