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Abstract.

NonequilibriumMolecularDynamicsrequiresan extensionof NewtonianandHamiltonianme-
chanicsThis new extendedmechanicsncludesGauss'andNosés thermostatte@quationof mo-
tion. Herel review the past20 years'history of the variousformulations solutions,interpretations,
andfurtherextensionf these'new" motionequationsl emphasiz¢hefractalnatureof theresult-
ing phase-spacdistributions.l describeheconnection®f thesefractaldistributionsto irreversibil-
ity, to time-symmetrybreaking(from reversiblemotion equations)andto entrogy productionand
the Second_aw, farfrom equilibrium.

1. INTRODUCTION

Moleculardynamicsthenumericalsolutionof atomistic-scal@quationof motion,was
developedby Enrico Fermi (at the Los Alamos Laboratory),Geoge Vineyard (at the
Brookhasen Laboratory),and Berni Alder (at the LivermoreLaboratory),about fty
yearsago.This usualmoleculardynamics a numericalsolutionof Newton's equations,
fmd= Fg, providesasolidfoundationfor Gibbs'andBoltzmannsstatisticaimechanics.
Moleculardynamicshasprovideddirectnumericaleri cations of thedetailedstatistical
theoriesof bulk behaior which Gibbs and Boltzmannbasedon smoothequilibrium
phase-spacdistributions. Newton's equationsof motion and Gibbs' microcanonical
(constant-engyy) phase-spacdistributionswerefoundto be completelycompatiblein
theearliestdaysof constant-engry moleculardynamicsMoleculardynamicsbecamea
reliablemethodfor the determinatiorof equationof state.Gas, uid, andsolid phases
wereall explored,aswerealsothe phaseransitiondinking them.
Thatexploratorywork onthemicroscopidasisfor equilibriumthermodynamigrop-
ertieswas nished off by the developmenif equilibrium perturbatiortheory This was
very muchajoint effort, with abouta dozendifferentinvestigatorsollaboratingon sev-



eral numericalformulationsof a perturbationtheory for Helmholtz' free enegy. The
perturbationtheorieswere basedon combining Gibbs' and Boltzmanns ideaswith

resultstaken from computersimulation. This body of perturbationtheoriesmadeit

possibleto computeequilibrium equationsof statefor a wide variety of relatively-

generabystemsn termsof theentropicandstructuralpropertief a“referencesystem”
of hardspheresThe hard-spher@ropertiesvereavailablefrom the resultsof computer
simulation,bothMonte Carloandmoleculardynamics.

By 1972it was high time to concentrateon nonequilibriumproperties Fortunately
for mel found a graduatestudentboth willing andableto take on this challengeBill
Ashursthadjust joined Sandias LivermoreLaboratory acrosshe streetfrom the “Rad
Lab" wherel worked, and was eagerto take on the challengingdoctoralprogramat
“Teller Tech", the graduateDepartmenbf Applied Science.This Departmentthough
a part of the University of California’s Davis Campus,was an oasisof unclassi ed
researchexcitement,|ocatedwithin the LivermorelLaboratorys boundariesThoughby
now thefoundersof the Departmenareall eitherdeador retired,a vestigeof it remains
in Livermoretoday

Bill Ashurstand| setout to develop nonequilibriummoleculardynamics.Our un-
derlying goalat the startwasto understandhe large discrepanciebetweerthe Green-
Kubo transportcoefcients found by Levesque Verlet, and Kirkijarvi andthe corre-
spondingtransportcoefcients for that simplestof the real uids, amgon. We measured
the transportcoefcients by settingup computersimulationsof both viscousandheat
o ws. In orderto do this, we developedboth local thermostatsat systemboundaries
andglobalhomaeneoughermostatswhich operatedhroughoutsystemsdescribedy
periodicboundariesin eitherof thesecaseghe computationalthermostats’extracted
theirreversibly-generatetieatassociatedavith nonequilibrium o ws of momentumand
enepy.

Thesehermostattedystemgyenerategteadynonequilibrium o ws. Thethermostats
couldconstraineitherthe kinetic enegy or theinternalenegy of a setof thermostatted
particlesto a x edvalue.Thekinetic-enegy thermostatsely on BoltzmannandGibbs'
identi cation of thekinetic enegy per particlewith the meanthermalenenpy,

hmé=2i 3KT=2:

In eitherthe isokineticor the isoenegetic casewe used“velocity rescaling"to impose
the constraintin England,Les Woodcockhad usedexactly this samekind of temper
aturecontrol. In the isokinetic caseAshurstmultiplied every thermostattegarticle's
velocity by a factorchoseno returnthe currentkinetic enegy of the thermostattedet
toitsinitial value. Theresultingmodi cation of Newtonianmechanicsvas“isokinetic"
moleculardynamics Herethe thermostattedet's kinetic temperaturavasa constanof
themotion.

A coupleof yearslaterwe foundthatthis velocity rescalingwasformally equialent
to applying a frictional force zp proportionalto eachparticles momentum. spent
considerabléime in thelibrariesat Livermore Jooking for alink betweerour “ad hoc”
thermostattingecipeandclassicaimechanicsl founda descriptionof Gauss'Principle
(of LeastConstraint)jn oneof Sommerfelds books.The Principlestateghatanycons-



traint, including “nonholonomicconstraints”involving momenta,should be imposed
with the least possibleconstraintforces. Gauss' Principle turned out to be exactly
equialentto ourisokineticthermostattingdea.

Gauss'thermostatturnedout to be specially useful far from equilibrium, whereit
could provide stress-strainrateelationsunder extreme shockwave conditions.In the
isokinetic case,the equationsof motion which resultfrom Gauss'Principle include
constrainforcesf Fcg linearin themomenta:

fdp=dt=F(q)+ Fc(q;p); Fc= zpg;

- _ 2.
Zcausss A F p=a p°:

At aboutthis sametime (1982) ShuichiNosédiscorereda more generalmeansof
thermostattingpasedon integral feedbackcontrol (as opposedo Gauss'differential
feedbackcontrol). Noséwas born 17 June1951in the small town of Mineyamaand
attendedhigh school there. His thesiswork (D. Sc. in Chemistry 1981) at Kyoto
University involved Monte Carlo simulation.After threeyearsof postdoctoratvork in
Ottawa, during which he developedhis revolutionary thermostattingdeas,he moved
backto Japanto teachat Keio University in Yokohama.He marriedlbuki Kushidain
April 1985,andhis sonAtsushi(“temperature”)wasbornin Januaryl986.

It wasin summer1984 that | met Shuichiby accident,on a Paris train platform,
several daysin advanceof a meetingwe both plannedto attend.My hotel, the Hotel
Californiaat 32, rue desEcoles,was somedistancefrom Noseés thoroughly-Japanese
hotel. We arrangedto meet outsidethe Notre Dame cathedralfor several hours of
intensetechnicalcorversationsl learnedenoughfrom theseto write a paperduringthe
next few weeks,while visiting Philippe Choquardn Lausanne[1]My studyof Nosés
methods[2 (appliedto a single harmonicoscillator) madeit clearthatthe coordinate-
space(q;q; z) versionof Nosés dynamics(now called“Nosé-Hower dynamics)was
useful,while his alternatve (q; p;s; ps) “time-scaled”’phase-spaceersionwasnot. At
Nosésinvitation, | wasin Japarfor sabbaticaleave 1989-1990whenIBM recognized
hiswork with anelaboratedinneranda ceremowy awardinghim its JaparSciencePrize
in 1989.

Nosésthermostaforcesdependnthesystems pasthistoryratherthanonits instan-
taneousstate With # degreesof freedomthe Nosé-Hoaer motionequationsarethese:

fp=mi=F(Q)+Fc; k= zp= mzqg;

z= (1= Q[(p*=mkT) 1]=t?= (1=%) 4 [(ma?=kT) 1]=t2:

Thecoordinate-spad®rm of this dynamicdollowsdirectly from Nosésad hocHamil-
tonian:
H nose = (K=9) + §[F + (ps=2M) + #kTIns] O:

whereM = #kTt2. K is the usualkinetic enegy, expressedn termsof thef pg and ps
is the actionvariable(which turnsout to be proportionalto the friction coefcient z)
conjugateo s. Evidentlythefriction coefcient z depend®nthepast



Z
20 = 2O+ (1=8) A L(EP=mKT) 1=t

Despitethe apparentdependencen the past, the motion equationsare themseles
preciselytime-reversible . Any time-orderedsetof coordinatesatisfyingthemprovides
an alternatve solution when the time ordering of the coordinateds reversed.In the
reversedsolution of the equationsthe momentaf pg, velocitiesf qg, and the friction
coefcient(s) z all changesigns.

In theequilibriumcaseNosés thermostatariablez hasa Gaussiardistribution with
zeromeanvalue,

f(z) n exp( #z%t%=2) :

His thermostatswere capableof reproducingGibbs' entire canonicaldistribution,
f(g;p) 1 exp( H =KT), not just the isokinetic one. Analogousequationsof motion
providedeitherinstantaneousr time-averagedtontrolof themomentumux (or “stress
tensor")andheat ux. By 1985the variousgeneralization®f mechanicseededor a
detailedunderstandingf Gibbs' statisticalmechanicsvere just aboutcomplete.The
only piecestill missingis a variationalprinciple like Gauss'on which to baseNosés
approacho canonicaldynamics.

The pedagogicabene ts of Nosés thermostatshouldbe a part of any physicists
education.This review summarizeghe main consequencesf his work from my per
spectve asanactively-involvedobsenrer. The consequencdsr simulation,for statisti-
cal mechanicsfor thermodynamicsandfor nonlineardynamicsmake up Secs2, 3, 4
and>5. Sec.6 is devotedto anexampleproblem,a nonequilibriumoscillatorexposecdto
atemperaturgradientinducedby anextensionof Nosés thermostatdeas.

| have resistedincluding all of the dozensof literaturereferencegermaneto this
review, expectingthattheinterestedeadercan nd themon his own throughaninternet
searchMany of theolderreferencesanbefoundin my books[3 4]. It givesmepleasure
to dedicatethis manuscripto ShuichiNoseé.

2. CONSEQUENCESFOR SIMULATION

Nosés mainresearclgoalwasto make equilibriumsimulationsmorerelevantto exper
imental studies.He wantedto usetemperatureand pressureasindependentariables,
ratherthanenegy andvolume,facilitating comparisonsvith experimentalequilibrium
data.l wasmuchmoreinterestedn norequilibrium phenomenahecauseerturbation
theoryhadmadethe “problem” of determiningsimple- uid propertiesnto arelatively
pedestriamonproblemProvidedthatthecompositiorof thesystems x ed,Nosés me-
chanicscanbeappliedto ary reasonablésothermalbr isobaricensemblelt wasnatural
to applythesesameideasto nonequilibriumsystemssystemadrivenfrom equilibrium,
andeven“far” from equilibrium, by velocity gradientstemperaturgradientspr by the
performancef mechanicalvork.
BecauseGreenand Kubo had formulatedtransportprocessesn termsof Gibbsian
uctuations,ary crediblenonequilibriumalgorithmhadto reduceto the properequilib-



FIGURE 1. Plastic ow using thermostattechonequilibriummoleculardynamics.The indentor is
pressednto thethermostattedvorkpieceat a speedsomeavhatlessthanthe soundspeed.

rium onesoasto reproduceheGreen-Kuboresults Ashurstandl andLeesandEdwards
independentlysednomogeneouperiodicsheartto measureviscosity EvansandGillan
independentlynventedanenegy eld to generateéhermal o ws consistentith Green-
Kubothermalconductvity.

Thethermostatsverealsoappliedto a hostof interestingproblemsin materialssci-
ence.Shockvavesarethe simplestof thesebecausehe boundaryconditionsarepurely
equilibriumones.But fracture,viscous o ws, heat o ws, andplasticdeformationwere
also being studied.Nosés feedbackcontrolswere ideally suitedto thesenonequilib-
rium problemstoo, and have sincethen undegone extensve development,resulting
in a detailedfoundationfor understandingnonequilibriumsystemsBy 1990a hostof
simulations somewith asmary asamillion particles,hadveri ed mary of the simple
engineeringulesof thumh Fig. 1 shavs atwo-dimensionaindentatiorsimulationfrom
thosedays.The new mechanicsbesidesopeningup thesenew elds of simulation,had
profoundconceptuatonsequencdsr statisticalmechanics.

3. CONSEQUENCESFOR STATISTICAL MECHANICS

Gibbs' statisticalmechanicss basednfollowing themarny-body o w in “phasespace”,
themary-dimensionalq; p) spacen whichasinglepointcorrespondso all thecoordi-
natesq andmomentap of the degreesof freedomcomposinghe system For a Hamil-



toniansystemhe o w equationsare:
H (gp) ! fgq=+TH =Tp=p=m; p= TH =Tq= Fg:

They have the consequencéLiouville's Theorem)thatthe o w of probability density
f throughthe spaceoccursat constandensity The only possiblestationarysolutionof
this ow law is thatthe densityhasa commonvaluethroughoutthe accessiblgart of
thephasespace:

f=0 ! feq= constant

Liouville's Theoremalsoimplies that the (hyper)wlumeof a comoving phasevolume
element , doesnotchangewith time:

din =dt O:

This constant'microcanonical"distribution implies thatarny systemcoupledmechani-
cally to anideal-gaghermometepbeys the “canonicaldistribution, u exp( H =kT),
whereT is thekinetic-theorytemperaturef theidealgas.

Now consider o ws in phasespacegovernedby Nosé-Hower thermostatsTo char
acterizethemit is speciallycorvenientto rewrite the second-ordemotion equationin
theirequvalent“Nosé-Hoover” form:

2
— nne N 2 P 2.
fmg=p; p=F Z|og,2—(1=#)a[ka 1=t~

Thesemotion equationsare fully consistenwith Gibbs' distribution. To seethis, it is
only necessaryo apply Liouville's Theorem appropriatelygeneralizedo a (2#+ 1)-
dimensionakpacewhichincludesthefriction coefcient z:

Ti=ft=" A 1(fa)=Ta A N(fP=Tp N(fz)=1z:
Substitutingthe equationf motion,alongwith thetrial solution,

2 #7212

2

we canevaluateall the partialderivativesneededo applyLiouville's Theorem:
Tf=t O;
a 1(fa=a= a( F p=mkN)f;
a 1(fp)=mp= al(F zp) (p=mKN)f+ zf];

p
2mKT

o F
fuexp[ a lexpl T exp[

2
1(f2)=0z= +z3 f[% 1]=t2:

Evidentlythetrial solutionsatis esthetheoremidentically. Thisis adirectproofthat



the Nosé-Hower equationsof motion are consistentwith the canonicaldistribution,
extendedo includea Gaussiardistributionin thefriction coefcient. It establisheslso
thatthe probabilitydensity f andthein nitesimal phasevolume bothvaryfollowing
the ow:

dinf=dt= din =dt=

Tinf=Nt+ [q TInf=0q+ p TInf=Tp]+ zfInf=7z =
A [19=1q+ Tp=Tp] Tz=7z =
ao z] o=3zso:

For statisticalmechanicghe introductionof motion equationsleadingto changesof
phasevolume , with thosechangeslirectly linkedto heattransfer z & p?=m, andto
entrofy production,wasfundamentalppeningup connectiongo thermodynamicsnd
nonlineardynamicswhich weretotally new.

4. CONSEQUENCESFOR THERMOD YNAMICS

Fromthe pedagogicastandpoinit is extremelyinterestingto seeirr eversible behaior

arisingfrom time-reversibleequationsof motion[5. The one-way behaior thatresults
from the eitherway Nosé-How@er motion equationss the microscopicanalogof the
macroscopicSecondLaw of Thermodynamicslt is signi cant that the microscopic
version,basedon limiting the growth of phasevolume, involvestime averagesOne
canonly argue againstan increasein phasevolumeif thatincreasewereto applyin

perpetuity thatis, in eithera “steadystate” or a cyclic processln either caseNoseé-
Hoover mechanicgprovidesa de nite signfor the (time-asreraged)riction coefcient

sum:

hg zi = WdInf=dti = hdin =dti > 0:

Theoppositesign,correspondingo aninexorablyincreasingultimatelydiverging phase
volumeis ruledout, for stable o ws.

Thefriction coefcient sumis preciselyequalto therateatwhichentroyy is generated
in the externalreserwirs with which thethermostattedysteminteracts:

hd(Seq=k)=dti = h (dQin=dt)=KTexii = hQ zp?*=MKTeqi = hQ zi ;
wherethelastequalityfollows from the motionequations:
z= Ql(p?>=mKkT) 1]=t?2 ! hqzzi=0 !

hg z[(p?>=mKT) 1]i=0 ! h] z(p?>=mKT)i = hq zi :

Nosé-Howermechanicéeadsdirectlyto theconclusiorthattheexternalentrory change
associatedvith a stationaryor cyclic processs positive. The correspondinghermody-
namicrelation,
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FIGURE 2. A Newtonianregion in thermalcontactwith two Nosé-Hower reserwirs. For a stable
stationarystateto exist it is necessaryhat the positive friction coefcient sum (at the cold resenoir)
exceedthe nggative friction coefcient sum(atthehotresenoir). This guaranteea net o w of heatfrom
hotto cold, in accordwith (oneof) Clausius'forms of the Second_aw of Thermodynamicsliscussedn
SecA4.

h (dQjn=dt)=KTextl = N(dSe=dt)=ki > O;

is oneof Clausius'formsof the Second_aw.

Thermodynamicdgoesnotdiscusghelengthof timerequiredto make measurements.
Onceentrofy hasbeende ned [as the reversibleintegral of heattransferdivided by
temperaturelS dQe,=T] the Second_aw of Thermodynamicsanbe statedn mary
alternatve ways[6]. The simplestof these alsoattributedto Clausiusjs the statement
thatheatcannot o w from acold bodyto a hotone.This particularstatementequiresa
bit of carefarfrom equilibrium:in certainshockwavesthe o w of heatis indeedopposite
in directionto thatpredictedoy Fourier'slaw[7]. Butin thesimplecaseof Fig. 2, where
a Newtonian systeminteractswith two Nosé-Hower reserwirs at Tc and Ty > Tg, it
is easyto prove thatthe time-averagedtiction coefcient sumsareconsistentvith this
form of the Second_aw also:

hd zci > 0; h§ zni < O:

Theproofis asfollows: (i) evidently enegy balancerequiresthatthe absolutevalueof
thecold sumexceedghatof thehotsum:

hd zcTei + hQ znTi = 0! jhg zcii > jh zuij

(i) If, asis requiredfor stability of thephasevolume,theoverallsum,i zc + & z4, isto
bepositive, the cold summustbethe positive one,correspondingo heatextractedatthe
cold reserwir andheatinsertedat the hot end.Again, Nosé-Ho@er mechanicsmplies
thevalidity of atime-areragedSecond_aw of Thermodynamics.



FIGURE 3. Lyapunw spectrapothat (full curve) andaway from (dots)equilibrium,for a dense- uid

systemof 32 Lennard-Joneparticlesexposedo anexternal eld. This constanteld acceleratekalf the

particlesto theleft andthe otherhalf to theright. The symmetrybreakingassociatedavith the shift of the

spectrumto more negative valuessignalsthe collapseof the ergodic phase-spacdistribution to a zero-

volumestrangeattractor The dimensionalitylossis about16. Thereare96 pairsof Lyapunw exponents
in the 192-dimensionagbhasespace.

5. CONSEQUENCESFOR NONLINEAR DYNAMICS

Nonlineardynamicsstudieggeneral’ o ws”, the solutionsof setsof ordinarydifferential
eguationsn generalspacesTime-reversible o ws, suchasthosefollowing the Nosé-
Hoover equationsare much less studiedthan irreversible “dissipatve” o ws which

generaté'strangeattractors”.In nonlineardynamicsthe Lyapunw instability of ow

equationds characterizedy the spectrumof Lyapunw exponentsthe time-averaged
ratesof growth (or decay)associatedvith an in nitesimal hyperspherghat moves
with the o w. Evidently the numberof Lyapunw exponentss equalto the numberof

dimensionsn whichthe o w occurs.

Hamiltoniansystemshave a specialeitherway symmetry with ary phase-spacdi-
rection correspondingo expansioncorvertedinto a compressionn the time-reversed
versionof the same o w. The symmetryof the Lyapunw spectrumcanbe seenin Fig.
3. Theeffect of dissipationgventime-reversibledissipationgivesa qualitatve change.
Becausdghe o w volumecanonly decreaséto a strangeattractor)the Lyapunw spec-
trum musthave a negative sum:

ali hin =dti=h dinf=dti < 0:



The specimercalculationin the gure[8] illustratesthis shift for a simple systemex-
posedto an acceleratingeld. We have seenthat the consequencef this decreasing
phasevolumeis the microscopicversionof the Second.aw of Thermodynamics.
Thereis a vastliteratureon chaos,nonlineardynamics,andfractals,muchof which
can be applied directly to nonequilibriummoleculardynamics.This work hasbeen
carriedout for the pasttwenty yearsby hundredsof interestedesearchersAn example
problem,quite well suitedto studentexploration,is describedn thefollowing section.

6. DOUBLY-THERMOSTATTED ERGODIC NONEQUILIBRIUM
OSCILLATOR

Herewe considera simplemodelsystenmto illustratethe ideasdiscussedn the text[9].
Becausethe simple Nosé-Hower oscillator is not ergodic, we generalizeNosés ap-
proachto control the fourth momentof the oscillator's momentumaswell asthe sec-
ond.Theadditionalcontrolvariableis x. Choosingall of thevariousproblemparameters
equalto unity andusinga thermostatrelaxationtime t equalto the correspondingin-
perturbedoscillator period,t = 2p, the setof four ordinary differential equationswve
solveis asfollows:

q=p;p= q zp x(p*T);

z=[(p=T) 1=t%; x=[(p*=T%) 3(p*=T)]=t?;
T =1+ tankQ) :

As shavn in Fig. 4, the temperaturevariesfrom 0, as g approaches ¥ to 2, asq
approaches ¥. Had we insteaduseda constanttemperatureof unity throughoutthe
equilibrium Gaussiardistribution would result:

fuexp( o?=2)exp( p’=2)exp( t2z%=2)exp( t2x°=2):

In thenonequilibriumcasethe projectionsof themotioninto the(q; p) and(z; x) planes

areshowvn asFig. 5. Theirappearancesuggesfractal characterwith a singulardepen-

denceof probability densityon location. Thesefractalsare typical of nonequilibrium

statesre ecting therarity of thesestatedn the equilibriumphasespace.
TheLyapunw exponentdor the four-dimensionalo w are:

fl g= (+0:0590:000 0:018 0:256) :

Theseprovide the time-areragedrate of phase-vlume changealong with the corre-
spondingrateof probabilitydensitydivergence:

hdin =dti hdinf=dti=+h§ [i= 0:215:
As anindependentheck,

hdIn f=dti = hz + (3p?x=T)i = 0:215:
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FIGURE 4. The hyperbolictangenttemperaturepro le for the thermostattedascillator of Sec.6 is
shown here.

Thetotal heattransferin this stationaryprocessmustvanish,on average:
hdQ=dti = h zp®> (xp*=T)i = 0:0;

while theassociateéntrory changepbtainedoy dividing by thethermostatemperature,
matcheghe dissipationasexpected:

h1=T)dQ=dti = h zp?>=T xp*=T? =

h z (3p°x=T)i =
h dinf=dti = 0:215:
Fig. 4 shavs the temperaturepro le. The densitiesof the heattransferand entroyy
change,as well astheir integrals with respectto the coordinateq are shavn in Fig.

6. All thesethermodynamialatawereobtainedasaveragesoverarun of 10° timesteps
of 0.001eachwhile the Lyapuna spectrumwasobtainedusing108 suchtimesteps.
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FIGURE 5. Projectionsof the motion of the thermostattedscillatorinto the (g; p) and(z; x) sub-
spacesThethermostavariablesaresmallerthanthe oscillatorvariablesby roughly a factorof the oscil-
lator relaxationtime, t = 2p. The Kaplan-Yorke dimensionof the strangeattractoris 3.16,signi cantly
lessthanthatof thefour-dimensionaphasespacdan which the motiontakesplace.

R
FIGURE 6. The four curvesshaw the densitiesandtheir integrals( ) for both the heattransfer(Q)
andtheentropy production(S). Thetotal time-averagecheattransfer dQ=dti 0 andthetotal entrogy
productionhdS=dti = h(dQ=dt)=Ti = 0:215arethelarge-qlimits of thetwo integratedcurves.

7. OUTLOOK

Friction coefcients ableto controltemperaturdave provided simulatorswith a useful
tool in studyingsystemdar from equilibrium. Thediscovery thattheresultof thistime-



reversibledissipationis the formation of dissipatve fractal strangeattractorsin phase
spacewith dimensionalityreducedbelown the equilibrium dimensionalitywassurpris-
ing. As a consequencet becameclearthata consistenhonequilibriumentrogy based
on Gibbs' (or Shannors) S=k u In f would not be possible.This seemaotto be such
aserioudloss,asthe utility of anonequilibriumentrogy is notatall clear On the other
hand,afocuson the structureof nonequilibriumattractorstheir homogeneityandfrac-
tal dimensionssuggestghat further understandingf highly nonequilibriumsystems
is desirable Theisotropy andhomogeneityof theseattractorsremainsto be explored,
as doesalso their connectionto Green-Kibo linear responsdaheory Simple models,
suchasthefour-dimensionabscillatorproblemmentionecdhere,canprove very helpful
in evaluatingandinterprettingtheoreticaladvancessuchasthe FluctuationHypotheses
andFinite-RateThermodynamigroceduregurrentlyunderintenseinvestigation.

8. AFTERWORD
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of achieving moresuchsuccesses!
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