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Near-Discontinuities in {v, , e, , T}: 
Velocity, Density, Energy, Stress, and
Temperature Jump in a few Free Paths

Phys Rev Letts
1979

Shockwaves are a Simple Laboratory for
studying nonlinear Transport as the boundary
conditions are equilibrium.

1. What are Shockwaves?



2. How are Shockwaves Generated?
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Constants of the Motion 
u, 

Pxx + u2, 
u[e + (Pxx /) + (u2/2)] + Qx 

with velocity changing from 
us to (us - up ) in Shockwave.

Newtonian Viscosity + Fourier Heat Conductivity 
can convert these to differential equations, to 

make it possible to compute Pxx and Qx .
Holian says Qx can change sign!



Fourier, Newton, and Fick
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3. What can Shockwaves Teach Us?

• High-Pressure Equation of State
– Hugoniot Energy Conservation Relation
– Pressure varies Linearly with Volume!

• Viscosity determines the distance scale
• Highly Nonlinear Transport Information,

– such as the Temperature Tensor, with

Txx Tyy



Threefold Compression  6TPa

12-60 Megabars: Al, C, Fe, LiH, SiO2 , U …



Simple Repulsive Pair Potential 

Choose a weak repulsive force 
Resembling a SPAM weight function 
or a van der Waals type repulsion: 

( r ) = (10/h2)[1 - (r/h)]3. 

Then we expect to find: 
e = (/2) + T  and  P = e .

Z1/N ~ VTe-/2T



Although the Compression is Irreversible we 
Conserve Mass, Momentum  Rayleigh Line

0 us = (us - up ) = M

P + (us - up )2 = P0 + 0 us
2

P - P0 = (M2/0 ) - (M2/)

Cubic Spline Example: P = (9/2) - 4V



Viscosity determines ShockWidth
Momentum Conservation:

P – P0 = 0 us up ~ up /WIDTH

WIDTH ~ /us

Kinetic Theory:
MFP ~ c ~ /us

Conclusion  Shockwaves are Thin:
WIDTH ~ MFP



Energy Conservation  Hugoniot

Work done = PHOT (V/2) + PCOLD (V/2)
No Change in Kinetic Energy
E = (PHOT + PCOLD )(V/2)

Cubic Spline Example: P = [3 - V]/[6V - 2]
With V = 1 and T = 0 initially.

-up+up





4. Simulation Techniques

• 1. Shrinking Boundary Conditions
• 2. Stagnation Against a Wall
• 3. Two Treadmills @ us and [ us – up ].

– This last method is the best one!

us us – up



Navier-Stokes vs Molecular Dynamics

Weak ShocksWeak Shocks
are the same .are the same .

NavierNavier--StokesStokes
ShockwidthsShockwidths
are are too Narrowtoo Narrow
for Strong Shocksfor Strong Shocks
( ( Linear Linear ) transport) transport
CoefficientsCoefficients
are are too Smalltoo Small ! ! 



Analysis from Kinetic Theory

TemperatureTemperature
is just theis just the
comovingcomoving

KineticKinetic
Energy .Energy .



Analysis from Gibbs’ Ensemble

kT = <(  H )2> / < 2H >

Configurational Temperature
Involves forces and their

Gradients.  This expression
was noted

by Landau and Lifshitz
around 1950.



http://images.google.com/imgres?imgurl=http://www-history.mcs.st-andrews.ac.uk/history/BigPictures/Lifshitz.jpeg&imgrefurl=http://www-history.mcs.st-andrews.ac.uk/history/PictDisplay/Lifshitz.html&h=326&w=268&sz=6&hl=en&start=8&tbnid=cwg4AUqg-c37ZM:&tbnh=118&tbnw=97&prev=/images%3Fq%3Dlifshitz%26svnum%3D10%26hl%3Den%26lr%3D%26safe%3Doff%26sa%3DG


50% Compression with 
a Strong Shockwave



This shockwave has quite anThis shockwave has quite an
interesting temperature profile !interesting temperature profile !



ColdCold
FastFast

HotHot
SlowSlow



12,960-Particle Shock Profiles

Flagrant Flagrant ViolationViolation of Fourierof Fourier’’s Law !s Law !

 PP

{ T }{ T } PP




Some Interesting Points

• Shockwidth gives a Viscosity estimate
• Heat Conductivity can be Negative!*
• Shockwave Stability is Interesting
• Boundaries are Equilibrium ones
• The transition is Irreversible

• *See Mott-Smith in 1951 Physical Review.



Simple Equation of State 
(apologies to van der Waals)

Choose a weak repulsive force
Resembling the weight function:

(r) = (10/h2)[1 - (r/h)],

Expecting to find:
e = (/2) + T  and  P = e



Stationary Shockwave Solution 
Satisfying Conservation Laws 

uCOLD = 2 ; uHOT = 1 
COLD = 1 ; HOT = 2 

PCOLD = 1/2 ; PHOT = 5/2 
eCOLD = 1/2 ; eHOT = 5/4 
TCOLD = 0/4 ; THOT = 1/4 

e = (3/4) = < -P >v = (3/2)(1/2)



Solution for Twofold Compression

u = 2

P + u2 = 9/2

u[ e + (P/) + (u2/2) ] = 10

Almost correct, with the shockwave
moving slowly to the right.

u,,P,e = (2, 1, 1/2, 1/2)  (1, 2, 5/2, 5/4)



Development of Smooth Profiles 
in either One or Two Dimensions

(x) = jw(x - xj) 
where, with r = |x|

w1D = (5/h)[1 - (r/h)]3[1 + 3(r/h)]
or

(x,y) = jw(x - xj,y - yj) 
where, with r = [x2 + y2]1/2

w2D = (5/h2)[1 - (r/h)]3[1 + 3(r/h)]



What about Shock Stability?

Sinusoidal Initial Condition





The 
Shockwave 

profile 
narrows 

with time, 
indicating that 

it is 
STABLE !



What about Temperature?

Kinetic Temperature   Momenta
Configurational Temperature  Forces

kTKinetic = <p2/m> relative to mean flow

kTConfig = < H 2 >/ < 2H >

Determine the mean flow by using w(r):
<v>j = wij vi /wij ; w(r) a weight function.





Configurational Temperature Blows up!  Among the 
various Kinetic Temperatures only the Grid-Based 

temperature has a Strong maximum.  Evidently local 
temperatures will be more useful in analyzing 

nonlinear flows.



Some Useful Reference BooksSome Useful Reference Books

For a pdf file, go to 
www.williamhoover.info

For a comp copy, write 
hooverwilliam@yahoo.com



Remaining Puzzles

• Description of Temperature/Heat Flow 
• Direct Measurement of Shock Heat Flux
• Cell Model of the Shockwave Process
• Prediction of the Nonlinear Viscosity
• Best Definitions of Pxx , , u, et cetera

• For more details: arXiv:0905.1913
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