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Abstract 

The shear modulus tensor, whose components are Voigt ela~tic moduli, is expressed as an 
N-particle average. The Born-Green and the fluctuation contributions are identified where 
possible, also in terms of over the pair-correlation function. Symmetry con
siderations are invoked fOf systems of spherical particles in both isotropic and cubic states. 
Results from molecular dynamics simulations are presented for particles with a purely repulsive 
Lennard-Jones interaction. Shear and bulk moduli are displayed graphically as functions of the 
density for fluid and cubic crystalline states. The shear modulus proves to be a good indicator 
for the fluid-solid phase transition. 
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1. Introduction 

The fact that fluids do flow and solids do not is commonly attributed to the vanishing 

or non-vanishing of the shear modulus. Yet the Born-Green expression for the shear 
modulus is well defined [1] and yields non-zero results even for the fluid state [2]. This 
modulus characterizes the high frequency or short time response of a fluid just as does 
the "Maxwell shear modulus" in the visco-elastic Maxwell model. As is known from 
molecular dynamics (MD) computer simulations, the high-frequency shear modulus 
does not change dramatically at the fluid-solid phase transition, apart from effects 

associated with symmetry breaking [3J. The low-frequency shear modulus, referred to 
as "the shear modulus", is an indicator for the fluid or solid charaeter of a system and 
can be computed from an equilibrium shear-free MD-simulatiol1. The shear modulus 
is a sum of the Born-Green expresssion and "fluctuation tenns" [4J. Though the 
fluctuation telms are only a small (but non-negligible) correction in the solid state, 
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these same terms must cancel the Bom-Green contribution to the shear modulus in 

the fluid state. Here we show this for a specific example, viz., for fluids and (cubic) 

solids composed of Lennard-Jones particles with the range of the force cut off at the 
minimum of the interaction potential (WCA potential). Firstly, however, we review the 

expressions needed to calculate the shear modulus tensor or the Voigt elastic moduli 

and discuss some general properties of these coefficients. Consequences of symmetry 

are exploited for systems with isotropic and cubic symmetry. Both the Voigt elastic 
modulus C44 and its orientationally averaged value G are referred to as "shear modulus"; 

in isotropic systems of spherical particles one has C44 G. In a spirit similar to the 
present approach, the shear modulus has recently been calculated for thin films (between 

structured walls) which also undergo a fluid-solid phase transition [6]. 

This article is organized as follows. In Section 2, the pressure tensor and the shear 

modulus tensor are expressed as N -particle averages. The Voigt elastic moduli are 
components of the modulus tensor. The Born-Green contributions are averages of two

particle terms, the fluctuation contributions being squares of two-particle tenns could 
also be written as averages of two-, three- and four-particle terms. The averages of 
the two-particle terms are also expressed as integrals over the pair correlation function. 
In Section 3, symmetry considerations are invoked for systems composed of spherical 

particles in states with isotropic and with cubic symmetry. Results of MD-simulations 
for WCA-particles are presented in Section 4. The pressure, Voigt elastic moduli, shear 

and bulk moduli and various contributions to these moduli are shown as functions of 
the density for fluid and for cubic crystalline (fcc and bcc) states. The to\al shear 
modulus does indeed vanish in the fluid due to the cancelation of the Born-Green and 
fluctuation contributions. 

2. Basics: Pressure and shear moduli as averages 

2.1. Pressure tensor 

Consider a fluid composed of N molecules located at pos1tlOns e, i 1;2.... ,N 
contained in a volume V. The total potential energy <P is assumed to be the sum of 
pair potentials ¢(rij) acting between particles i and j, hence 

<P = L ¢ij L ¢(rij). (I) 
i<j 

jNotice that a double summation both over i and j is meant here, rij = ri r is the 

relative position vector. 
In thennal equilibrium, thermo mechanical properties can be computed from the 

canonical distribution. The (potential contributions to the) pressure tensor and the 
elastic moduli can be inferred from the terms of first and second order in an expan
sion of the free energy with respect to the strain tensor SflV- This expansion is ob
tained from the standard expression for the configurational Helmholtz free energy 
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{3Fpot = -In Jexp( -{3<1» dr{'V}, 13 I/(kBT) with the position vectors ri occurring 

in the potential displaced according to 

ri ri + (2)v \' 

Greek subscripts indicate cartesian components. The summation convention is used for 

them. The trace Sill' is associated \-vith a relative volume change. The antisymmetric 

and the symmetric traceless parts of induce infinitesimal rotations and shear defor

mations, respectively. 

The resulting expression for the potential part of the pressure tensor, which is equal 

to the stress tensor apart from a minus IS 

V pot - - (<1> \ (3 )Pill' - WI' 

The bracket ( ...) indicates an N -particle average, Fi is the force acting on particle 

and the second rank tensor ¢iv is defined by 

(4) 

where C)' stands for the partial derivative with respect to 1'". 

The scalar pressure P is the trace of the total pressure tensor divided by D, the 

spatial dimension: P=(l/D)pl'il' In addition to the obvious value D 3, the case D 2 

deserves some attention, not only in view of model calculations [17J but also due to its 

applicability to thin systems [6]. In general, P is the sum of the kinetic part nkB T 

(n is the particle number density) and the potential contribution PPOI ( . The 

symmetric traceless part of is associated with the shear stress. The antisymmetric 

part of vanishes for particles with spherical interaction. 

The quantity <1>111' of (3) being a sum of tViO-particle variables, the average can 
be expressed as an integral over the pair-correlation function g(r): 

(5) 

where n N/V is the number density. With the pair-correlation function written as 

g(r) x(r)exp(-{3¢(r)) where ¢(r) is the pair potential function, (5) is equivalent to 

T Jx(r)r/1cI\, exp(-{3¢(r)) dDr , (6) 

and, an integration by parts, to 

(7) 

Here (5p\' is the unit tensor. These expressions are standard, in pmiicular, Eq. (6) is 

used for hard spheres, and second virial coefficient can be infened from Eq. (7) 

with the low-density limit X 1. These formulae are listed for comparison with 

the equations needed to compute the elastic moduli. 

.1 
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2.2. Elastic modulus tensor 

he V~ 1 (CPw.)) be the part of the stress 

tensor which is the (negative) difference between the (potential contribution to the) 
pressure tensor pj;..m,d4 in the deformed (strained) state and its corresponding value 

Let 

o in the unstrained state. The linear relation between and the strain tensor Si./i 

defines the elastic modulus tensor G .... : 

(8) 


with 

(9) 

The second term on the r.h.s. of (9) stems from the deformation-induced variation bV 

of the volume V in (8), bV!V =S;) and - )0 VppO/'IIV were used, where PPOI is 
the potential part of the pressure p, The other terms of (9) follow from the variation 

of (CPflV)' The subscript "0" as in (...)0 indicates that the .. average is to be evaluated 
in the unstrained state. The first term in the expression for the elastic modulus tensor 

GflV ,;,/( involves the fourth rank tensor 

CPlll',i.K L (10) 
i<j 

with 

(11 ) 

The first and the second tenns of (9) correspond to the Born-Green expression for 
the elastic modulus tensor. The remaining tenns \V'ith the factor f3 are referred to as 
fluctuation contributions, 

As a side remark, it should be mentioned that the fluctuation contribution to the 
shear modulus tensor is the negative of the ':initial value" at time t = 0 of the time 
correlation function tensor 

(12) 

which is linked to the potential contribution to the viscosity tensor 1111r,i.J.: by the Green
Kubo relation 

J dt. (13 ) 1.1{ 

o 

In the following, systems composed of spherical paJiicles are considered. Then the 
interaction potential depends on r via r Irl and one has, with the prime indicating 



453 

,f the stress 

~ion to the) 
nding value 

n tensor S;l( 

(8) 

(9) 

,rariation 0V 


here IS 


he variation 

,e evaluated 


. dulus tensor 


(10) 

I. (11) 

; pression for 
:fened to as 

',ution to the 

of the time 

(12) 

y the Green

(13 ) 

,t:d. Then the 

me eating 

S Hess et ai. / Physica A 239 

the differentiation with respect to r, 

, () - 1rf,'91'" r =rp'i.r y, (14) 

If, (r) (/. /. ;,; " I';'; )I·- I ~' , "" r V' r-I(J.- I A,')' (15)~/!l\',;"; . p KU\'i. Jl ;.v\'l( Y T Jl \' ;.'K Y' 

These relations are used next for the Voigt elastic modulus C44, which characterizes 

the shear behavior. 

2.3, Voigt moduli. shear modulus 

The shear behavior can be infened from the elastic coefficient which links 

the yx component of the stress tensor with the yx component of the deformation tensor 

conesponding to a displacement x --7 x + YS,'c In the Voigt notation, one writes for the 

shear modulus C44 Gyx.]X' The standard symmetrization according to C44 = (G\,x,yx + 
Gry,yx G\\',xy)/4 is not essential for particles with central interaction, With the 

obvious decomposition C44 into Born-Green and fluctuation contributions, 
one obtains 

G (16)VCf4 / I: (lr- I 

\ l<j 

(17) 

One has <j (xyr- I ¢!yi)o = 0 for a system with isotropic or cubic symmetry. Notice 
that the first term of (16) is - Vpj!y:J! which. in turn, is equal to -- VP

P01 
for a system 

with an isotropic pressure tensor in the unstrained state, Then the sum of (16) and 
(17) becomes equivalent to 

(18) 

where is expression for the shear modulus derived in [4] for the case P = nkB T + 
Ppm O. The full expression for P i= 0 has already been stated in [5]. 

For an isotropic system, C4.:J is equal to the orientationally averaged shear modulus 
G. Its Born-Green part is given by 

(19) 

The numerical factor e(D) with c(3) 115 and e(2) = i is the orientational average of 
in a D-dimensional isotropic system. For D 3, Eg. (19) is equivalent to 

(20) 
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Similarly, for D 2, where V stands for an area, one has 

(21) 


Other Voigt moduli, such as CII G xx.xx and Cl2 Gxx,yy can also be inferred from 
(9) with (11 )-(15). The relations of these moduli to the shear and the bulk modulus 

will be stated later in connection with general symmetry considerations. 

It should be mentioned that the total elastic modulus tensor also contains the kinetic 

contribution nkB T6J.1\' o;/{. This does not affect the shear modulus but both Cil and cn 
possess a kinetic contribution nkBr. The total moduli and are related to the 

CI J and C12 used here and to the moduli for zero pressure C~1 and of [4] by 

C 
IMaJ - CII - IJ P, (22) 

C 
lota!12 C12 k TO; Pn B CI2 i . (23) 

2.4. Pair contributions to the elastic moduli 

The Born-·Green contribution Gff\~ix can readily be expressed as an intergral over 
the pair correlation function 

Gffv~;./{ ln2 JCPJ.IV.;.h(r)g(r) d3r Ppor(jJ.Ivo;" , (24) 

with PPOI = (l/2D)n2 Jrcp' g(r) dDr. The fluctuation contributions, on the other hand, 
involve also three- and four-particle terms. The quantity 

1J0,1',!/{= L (25) 
i<j 

is the part of <P!'1'<P;/{ that involves two-pat1icle terms. Thus, e.g., the pair contribution 

to the fluctuation part of C44 is 

(26) 


. It can be expressed The pair contribution to the modulus C44 is cft cfP + 
as an integral over the pair correlation function g(r), viz., 

T/ pair __ 1 
r C4 ' -

'+ 2 (27) 


Here, x and y stand for ,~, and Use of g(r) = x(r) exp( -j3cp(r» and an integration 
by pm1s leads to 

(28) 


and 

(29) 
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Notice that the expression (29) is well defined also for a fluid of hard spheres or disks. 
For a three-dimensional system of spherical particles in an isotropic the above 

expressions for reduce to 

1Gpair 30 n2 Jg(r )r21;'(In 1.(1'»' d 3 r , (30) 

or 

(31 ) 

Clearly, Gpair vanishes in the dilute density limit where x(r) = 1. This is in contradis

tinction to the corresponding expression 

Jr-2(r41;')'g(r) cPr (32) 

for the Born-Green shear modulus; cf. (20). 

3. Symmetry considerations 

3.1. Spherical particles in an isotropic state 

For an isotropic system composed of spherical particles, the bulk modulus B and the 
shear modulus G characterize the elastic properties. Then Eq. (8) reduces to 

(33) 

where the symbol ~ indicates the symmetric traceless part of a tensor, e.g. 

(34) 

Here we restrict our considerations to the three-dimensional case. Isotropy implies that 
the elastic modulus tensor can be written as 

(35) 

with the isotropic tensor of rank four defined by 

(36) 

The moduli Band G can be inferred from the elastic modulus tensor according to 

(37) 

(38) 

These quantities are sums of Born-Green and fluctuation contributions. Previous 
GSGexpressions, e.g. for , cf. Eq. (20), can be recovered from (38) with (9). 
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Furthennore, the total bulk modulus has the kinetic contribution nkBT in addition to 

(37). The definitions (37) and (38) for Band G can also be used for a system with 

cubic symmetry. 

The relation between the Voigt moduli CII Gy,cxx. Cl2 yv and the elastic mod
uli B, G in an isotropic state can by infened from the conesponding relations for 

a system with cubic symmetry when an additional cubic modulus Gc is put equal to 

zero. These more general relations are presented next. 

3.2. Spherical particles in a cubic state 

For a system with cubic symmetry and with the cubic axes parallel to the coordinate 
axes, one has 

Cl2 =C~3 =C31 = B - ~G - ~G,.-. 3) L. 

(39) 


or, equivalently 

) (40) 


and 

(41 ) 


The shear modulus for a shear defonnation in the xy-plane rotated by an angle of 45° 
from these directions is 

(42) 


The cubic modulus Ge , which is the difference between C44 and ('..-t, vanishes in an 
isotropic state. Then one has, as mentioned before, CC;4 == G, and C4-l = C44. 

Microscopic expressions for the moduli E, G and Gc can now be inferred from the 
relations given above since the Voigt moduli are components of the shear modulus 
tensor (9). The Born-Green contributions to these coefficients are 

(43) 


with GBG given by (20), and 

(44) 
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quantity H (r) is a cubic hannonic [7,8]. With the abbreviations 

I,\, ,"(fJ,so 3 ~ (rcjJ )11, L (xyr-1cjJ' 
I<i i<j 

(45) 

the fluctuation contributions to the elastic moduli are given by 

VB/let = - [3[((fJi;O)O «((fJiso)O)2] , (46) 

Ip ! 221VGfic/ = - 3[3 «(fJ /' 0 - 2 (fJ (47)5 \ + \ -

VGjlet f'[' 2 \ j ((fJ_)o (48)c 

Of course, these Born-Green and fluctuation contributions to the moduli have to be 

added, e.g. G = G·fict . 

In a cubic state, the relation conesponding to (35) is 

(49) 

Here 

L 
3 

i 1 e - ) (50)HJlvi." = J.: 5 
1 

is an ineducible tensor of fOllr with cubic symmetry. The unit vectors parallel 

to the cubic axes are denoted by eE
, i= 1,2,3. Notice that H(r) Hwi.J.:r/lrvr;h. Fur

thermore, due to Huvi.Jiill·(ji.K=O, Hinix6.ill.i;; 0, and H/lvi';;~ll';.K=~' relations (37) 
and (38) still apply in the cubic state, and the modulus is also given by 

(51 ) 

In the following, results from :tvfD-simulations will be presented where the N -particle 

averages over a canonical distribution considered so far are replaced by time averages. 

4. Molecular dynamics results 

4.1. The model system 

Molecular dynamics simulations were perfonned for a simple model system with both 

fluid and solid phases. The particles interact via the purely repulsive WCA-potential, 

6 16cjJ(r) 4(r- 12 -r- ) 1, 1'<1;'111=2 , (52) 

and q'>(r) = °for r > 'Cll!' This is essentially the Lennard-Jones (LJ) potential cut off in 

its minimum at rell/' Here and in the following, all physical quantities are in the standard 
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1. Double logarithmic plot of the potential contribution to the' pressure PPOi as a function of the 
number density n Lennard-Jones units). Circles, squares and diamonds refer to data for isotropic, fcc 
and bce states. The dashed line indicates the low-density limit with the slope determined by the second vidal 
coefficient. 

Ll-units of [4-14]. Simulations with constant temperature T 1 and constant number 

densities n = in the range n 0.1, ... , 1.1 were performed for N 1000, 1024 and 

2048 particles where the initial positions were simple cubic, bee and lattice sites. 

The equations of motion were integrated with the velocity Verlet algorithm with the 

time step l5t = 0.002. A cubic simulation box with volume V and periodic boundary con

ditions were used. The temperature was kept constant by rescaling the magnitude of the 

particle velocities. The system was aged (for 25000 or more time steps) before the data 

were extracted as time averages over 25 000 to 100000 time steps. Aged states were 

also subjected to (small) density changes in order to obtain data for neighboring den

sities. Details on the method of molecular dynamics (equilibrium and non-equilibrium: 

MD and NEfvID) simulation are found in the literature [9-15]. 

The potential contribution to the pressure is shown Fig. 1 as a function of the 

density n in a double logarithmic plot. Data for simulations with 1000, 1024 and 2048 

particles corresponding to simple cubic, fcc and bcc initial states are marked as circles, 

squares and diamonds, respectively. The dashed line indicates the low-density limit 

with the slope determined by the second virial coefficient. 

The simple cubic lattice is highly unstable. Thus, the circles show data for aged 

systems which are in an isotropic state. The situation is different when the initial 

state is of fcc or bee type; see Fig. 2, where Ppot is displayed in a linear plot for 

the higher densities. For densities n '?'= 0.97, the "square pressures" are smaller than 

the corresponding values in the isotropic state (circles), i.e. the fcc state is stable. 

http:0.60.70.80.91
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density 

2. Linear plot of the contribution to the pressure ppu! 'as function of J1 (in 
Lennard-lones units). Circles, squares and diamonds refer to data for simulations where the intial state 
were simple cubic, fcc and bee states, resp. 

For n~ 0.96, on the other hand, the initial fcc crystal melts as indicated by the squares 

approaching the circles. pressure data for the (initial) bcc state (diamonds) indicate 

that the (metastable) bcc crystal melts at densities below n = L Instabilities of the 

isotropic and of the bcc states at densities higher than n = 1.1 are not studied here. 

The number densities n used here can be converted to packing fractions where 

is the effective volume of a particle. With identified with one-qumier of the 

second virial coefficient, one has veil = 0.551 for T 1. Then the number densities 0.96 

and 0.97 where the system was found to be in fluid and in the fcc states conespond to 

packing fractions of 0.529 and 0.534, respectively, which are close to the value where 

the hard sphere crystal melts [16]. 

In short, the data for the pressure show that we have well-defined of systems 

isotropic and in cubic (crystalline) states for which also the elastic moduli can and 

have been computed. Results are presented next. 

Shear modulus C44 

The Born-Green (filled circles) and the negative of the fluctuation (open circles) 

contributions to the elastic modulus, i.e. the quantities ct4G and as evaluated 

according to Eqs. (16) and (17) are plotted as functions of the density in Fig. 3. 
All data shown are for the isotropic state. dashed line is the low-density limit 

of the shear modulus G calculated from (32) with the pair correlation function 
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3. The Born-Green (filled and the fluctuation contributions (open circles) to the elastic modulus 
C44 function of the n. The dashed line marks the limit. 

approximated by g = exp( - f31Y). In the isotropic state, the Bom-Green contribution 

to the orientationally averaged shear modulus G evaluated according to (20) cannot be 
distinguished from c!4G on the scale of the figure, thus these data are not shown. The 
fact that the "BG" values and the "flct" values practically coincide indicates that the 
Born Green and fluctuation contributions to the shear modulus C44 approximately can
cel each other. This is no longer the case at higher densities and in the cubic crystalline 
states. 

In Fig. 4 the Born-Green (filled symbols) and the negative of the fluctuation (open 
symbols) contributions to the elastic modulus, i.e. the quantities and -C{;I, cf. 
Eqs. (16) and (17) are plotted for the higher densities considered here. Again, circles 

indicate data for an isotropic state, the squares and diamonds are. for simulations which 
started from fcc and bcc lattices but may not necessarily be in a state of this symmetry. 
Clearly, at high densities, the open symbols lie below their corresponding filled ones, 
which means the fluctuation contributions are smaller in magnitude than the Born
Green contribution and a finite (positive) shear modulus results. 

In 5 the elastic modulus C44 cf.P T is displayed for the same data as 
used in Fig. 4. The shear modulus is positive, indicating a solid phase, at the higher 
densities and it vanishes, within the computational accuracy, at the lower densities, 
where the system is fluid. Notice that C44 increases approximately linearly with the 
density in the cubic states. Such a behavior is also seen in experiments with colloidal 
crystals [18J although there the interaction is of screened Coulomb type rather than the 
WCA potential used here. 
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Fig. 6. The Born-Green modulus c~G circles) and the n"n.ot"", pair contribution (open 

circles) to the fluctuation elastic modulus as functions of the density for the isotropic state for 
n .~ 1). 

4.3. Pair contribution to the fluctuation part of the shear modulus 

In 6 the negative pair contribution (open circles) to the fluctuation 
elastic modulus cf:'[ as calculated according to (26) with ) is compared with thc 

Born-Green modulus cf4G (filled circles), which is essentially equal to . All data 
are for the isotropic state which is fluid for n ~ 1. the difference between the 
open and filled circles is a measurc of the importance the three- and four-particle terms 
in Eq. (17). As expected, these terms are negligible at low densities n < 004. At higher 
densities, however, the two-particle contributions overestimate the magnitude of the 
fluctuation modulus: -eft,pall' > -eft. 

4.4. Bulk modulus in the isotropic state 

In the simulations also the (isothermal) bulk modulus B +Bfict was calculated 
using the relations (43) and (46). In Fig. 7 the filled circles represent such values for 
B in the fluid state. The triangles in between indicate the values for the bulk modulus 

calculated according to (11/ + llr )(Pr PI )fenr - ... n{), where PI,r are the potential 
contribution to the pressure computed at the densities 12, and nr to the left and right 
of the intermediate densities. The two sets of data agree well within the computational 

accuracy. 
In addition to the isothermal (isokinetic) simulations discussed here, some SIm

ulations at constant total energy were performed. At state points not too close to a 
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7. The bulk modulus B as a function of the density n for the fluid' state. The filled circles show the 
values computed according to B + as given in the text; the triangles in between are the values 
inferred from the ratio of the pressure and density differences. 

phase transition where the temperature of the isoenergetic simulations did not deviate 

from the corresponding isokinetic ones by more than about 1 the potential con

tribution to the pressure and the Born-Green contributions to the elastic moduli are 

practically identical for the isothermal and for the isoenergetic simulations. This is not 

the case for the fluctuation contributions. These differences are small for G and Gc 

but considerable for B in the sense that the magnitude of the fluctuations is smaller 

in the isoenergetic case. Thus, the difference between the adiabatic and the isothermal 

values of the bulk modulus stem from the difference of the fluctuation contributions 

to B. 

4.5. Bulk and shear moduli in the fcc state 

Data from the N = 2048-particle system, which is in the fluid and in the fcc state for 

densities n < 0.96 and n > 0.97, respectively, are presented in Figs. 8 and 9. In parti

cular, the potential contribution to the pressure (open circles) and the bulk modulus 

B (filled circles) are displayed in Fig. 8 together with the values for the bulk modulus 

inferred from the ratio of the pressure and density differences (triangles). The two sets 

of data agree well also in the fcc state. Notice the strong variation of B in the vicinity 

of the fluid-solid phase transition. This is due to the large variations of the fluctuation 

contribution (46) to the bulk modulus. 
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Fig. 8. The pote::1tial contribution ppm (open circles) and the bulk modulus B as function of the density 
Ii for the N = 2048 particle system, which is i::1 the fluid and in the fcc state for II ~0.96 and n ~O.97, 
respectively. The filled diamonds show the values computed accordiclg to B = BBG + Bfict as in the 
text; the triangles in between are the values inferred from the ratio of the pressure and density differences. 
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Fig. 9. The shear modulus G (circles) and the cubic modulus G, (squares) as runctions of the density 
11 for the N = 2048 particle system, which is in the fluid and in the fcc state for II ~O.96 and n ~ 0.97, 
respectively. The open symbols are for the Born~Green contributions. The filled symbols show the sum of 
the corresponding Bom~Green and fluChlation contributions. 
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ns of the density 
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The elastic moduli G (filled circles) and Gc (filled squares) are displayed in Fig. 9 

together with the corresponding Born-Green contributions (open symbols). Whereas 

GSG just shows a slight discontinuity at the fluid-solid-phase transition, the shear mod

ulus G and the Born-Green part of the cubic modulus Gc are zero and non-zero in 
the fluid and the solid states, respectively. Of course, the total modulus Gc should 

also vanish in the isotropic fluid state. The fact that this quantity does not vanish, 

e.g. for 11 = 0.9, is due to the larger uncertainty involved in the computation of the 
fluctuation contribution. Compared to the Born -Green contributions, longer time av

erages are needed. As a remark, it is mentioned that the cubic modulus Gc is 
not only negative in the fcc state but also in bcc state whereas it is positive in a 

simple cubic crystal. In all cases, the X-, y- and z-directions are chosen to be par

allel to the cubic axes. This is easy when the simulation starts with an initial crys
talline state. When the solid phase is approached by increasing the density or by 

lowering the temperature from an isotropic fluid state, the directions of the crystalline 

axes are not known beforehand. Then all components of the shear modulus tensor 
have to be computed. Furthermore, poly-crystallinity may occur. For this reason, the 
shear modulus G is the most appropriate indicator of solidification. The Voigt elastic 

moduli Cll, Cl2 and C.j.j can be obtained from the values of B, G, and Gc according 

to (39). The shear modulus C44 as well as = (ClI Cl2 vanish discontinuously 
at the melting transition. This is in contradiction to a conjecture put forward by Born 
[1] but in accordance with the observations made previously in 'Yfonte Carlo simu

lations for Lennard-Jones solids [20]. Notice that the effect of a finite pressure is 
taken into account in the definitions of the elastic coefficients used here; (18) 
and (23). 

In summary, one infers from Fig. 9 that the orientationally averaged shear modulus 

is a good indicator for the fluid-solid-phase transition. The loss of cubic symmetry in 
melting a crystalline state is most clearly revealed by the vanishing of G~G. 

5. Concluding remarks 

Expressions for the elastic modulus tensor and the Voigt elastic moduli have been 
presented. For particles interacting with a central potential, molecular dynamics simu
lations for a model yielded numerical data for the shear and bulk moduli and 
provided a test of various relations delived. The general expressions given, however, 
also apply to fluids of non-spherical particles as OCCUlTing in molecular liquids, liq

uid crystals and in molecular solids. In particular, it is of interest to extend the present 
approach to nematic and smectic liquid crystals, where symmetry considerations for 
the elastic modulus tensor can follow those known for the viscosity tensor [19]. Fur
thermore, it should be possible to treat the Frank elasticity of nematic liquid crystals 

in a similar manner. 
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